The Berry's phase, although well-known since 1984, has received little attention among textbook authors of solid state physics. We attempt to address this lack by showing how the presence of the Berry's phase significantly changes a standard concept (effective mass) found in most solid state texts. Specifically, we show that the presence of a non-zero Berry curvature in Bloch systems makes the traditional concept of an inverse effective mass tensor M −1 problematic, since a routine application of Newton's 2nd Law leads to a circular definition. As a consequence, the related concept of cyclotron effective mass m * also requires modification. It is shown that m * is magnetic-field dependent in non-inversion symmetric systems. This has important ramifications for cyclotron resonance experiments, since such experiments yield m * and thereby purportedly give the components of M −1 . This work represents a "case study" in how Berry's phase effects can modify "standard" solid-state topics in ways that students and instructors may find surprising.
INTRODUCTION
Berry's phase [1] (BP) (an example of geometric anholonomy in quantum systems) has become almost ubiquitous in theoretical physics [2] , and solid state physics is no exception. In 1989, Zak showed [3] how the BP, along with the related concepts of the Berry connection and Berry curvature, can substantially affect Bloch systems. It soon became clear that a host of solid state phenomena could be better understood in light of this new "Zak's phase". Subsequently the problem of electric polarization in dielectrics was finally satisfactorily solved [4] ; the theory of the integer quantum Hall effect became more elegant and compact [5] . It even became established that the traditional semiclassical equations of motion (EOM) for Bloch electrons [6] should be modified [7] , [8] to include a correction due to the presence of the Berry curvature. Of course, any physics dependent upon the EOM must be modified as well, and this has proved a fruitful area for additional research [9] , [10] , [11] , [12] , [13] .
Textbooks, however, have been slow to follow suit. Among quantum mechanics texts, Griffiths [14] (1995) stands out as having an entire section devoted to the BP; many do not mention it at all. The same can be said for solid state texts. Of course, Ashcroft & Mermin [6] (for many physicists the book for teaching solid state physics) was published in 1975, predating Berry's seminal work by nine years. But even recent titles ignore the matter entirely or give it the briefest of treatments. To cite four examples, Taylor & Heinonen [15] mentions the BP once, in passing; Marder [16] has a section on the derivation of BP-modified semiclassical EOM, but the BP is never mentioned again; Snoke [17] devotes only three pages to the BP, in a discussion of the Aharonov-Bohm effect in mesoscopic systems; and Martin [18] has a discussion of the BP only in the context of a theory of polarization. This reticence is understandable, since BP effects represent in most cases a very small correction to the canon of Ashcroft & Mermin. Nevertheless there are cases in solid state physics where the BP, and in particular Zak's phase, significantly alters the situation in question.
We demonstrate such a case in this paper, applying the BP to a well-known class of problems (the differing effective mass definitions for Bloch electrons) and expanding upon Ashcroft & Mermin's "standard" treatment to produce surprising results. Specifically, we find that the BP necessitates changes to the traditional definitions of the inverse effective mass tensor M −1 and the cyclotron effective mass m * . It is through a relation between these two quantities (M −1 and m * ), and through analysis of de Haas-van Alphen frequency spectra, that band energy surfaces are often mapped [19] , [20] . Since any crystal that lacks inversion symmetry or time-reversal symmetry can be expected to have a non-zero Berry curvature [3] , one can expect the geometric phase to be important in the cyclotron resonance of such systems. We show that this is indeed the case. Our treatment is simple enough that a well-motivated undergraduate could reproduce our results, perhaps as a homework problem, learning both solid state physics and the geometric phase in the process.
SEMICLASSICAL EQUATIONS OF MOTION
Taking geometric phase effects into account, the semiclassical EOM for a Bloch electron are [8] 
Hereṙ is the electron velocity,k is the time derivative of crystal momentum (wave vector), ε M (k) is the band structure (with the subscript M indicating that ε(k) has been modified by the presence of a magnetic field), and F is the net force on a Bloch electron. The quantity Ω(k) is the Berry curvature of a Bloch state |k , defined through [2] 
with u k being the periodic part of the Bloch function. Note that the Berry curvature, when defined in this way, is gauge invariant, like the Berry's phase γ itself; the Berry connection i u k |∇ k u k is not [2] . The motivation for defining the Berry curvature as in Eq. 2 involves a straightforward application of Stoke's Theorem to the basic definition of the continuum Berry's phase for a Bloch system [3] . In 2D (for example) the wave vector k is confined to the x-y plane, and we have [2] 
The integrand is the z-component of a gauge invariant quantity, which has the form of a curvature. It is then natural to define a "curvature" as Eq. 2.
In turn, the derivation of the EOM in Eqs. 1 themselves can be achieved several ways. Typically, the semiclassical approach [8] is used to treat a Bloch electron as a localized object-that is, a wave packet-and to see how this wave packet evolves over time. One constructs a Lagrange density L, then finds the Lagrangian L = dt L. Lagrange's equations then eventually yield Eqs. 1. (See §16.4.1 of [16] .) The EOM have also been derived using a path-integral approach [21] and a symplectic Lie-Poisson bracket formalism [22] .
The presence of Ω(k) in the EOM has many ramifications, not the least of which is that a routine application of Newton's 2nd Law leads to an apparent paradox. To see this, we proceed in analogy to p. 228 of [6] in deriving a "new" inverse effective mass tensor:
Here jmn is the Levi-Civita permutation symbol, and we are using the Einstein summation convention. The quantity in parentheses is ∂ṙ/∂k, a tensor formed by taking derivatives of every component of the velocity with respect to every component of the wavevector. Now the typical prescription for defining an inverse effective mass tensor is to identify a proportionality constant between acceleration and external force. Thus, in analogy to [6] , one might naïvely conclude from Eqs. 4 that the term in parentheses can be used to construct a "modified" version of the inverse effective mass tensor as
(Compare this with Eq. 12.29 of [6] .) This tensor has dimensions of inverse mass, but unfortunately the definition is circular. That is, by Newton's 2nd Law we expect the acceleration to be proportional to the external force F, but F = k . Since M −1 depends uponk, we see that our "modified" effective mass tensor is itself dependent on the force. This means that the acceleration in such a system depends not only upon F, but |F| 2 . Since the acceleration is not linearly proportional to the external force any more, one must use caution before calling M −1 an "inverse effective mass". It is interesting to note that this represents an example of modified Newtonian dynamics [23] , not in the astronomically large realm of astrophysics, but in the microscopic regime of solid state physics.
CYCLOTRON EFFECTIVE MASS
We now discuss the possibility that the cyclotron effective mass m * for Bloch electrons will also be affected by the presence of a non-zero Berry-curvature Ω(k). By "cyclotron effective mass" we mean the effective mass of a Bloch electron as determined by a cyclotron resonance experiment. As noted by Ashcroft & Mermin, the cyclotron effective mass "is not necessarily the same as other effective masses that it is convenient to define in other contexts" (p. 233 of [6] ). Part of our goal will be to reconcile the different notions of "mass" for a Bloch electron in the presence of the geometric phase.
The concept of cyclotron resonance is familiar enough. Any charged particle of mass m, when placed in a magnetic field, undergoes cyclotron motion with an angular frequency [6] ω c = qB mc .
For Bloch systems, one imagines that an entire crystal is placed in a magnetic field; the expectation is that Bloch electrons with a presumed effective mass m * undergo a similar cyclotron motion. Now, suppose such a crystal is exposed to a time-varying electric field with angular frequency ω. When ω = ω c there is resonance: the Bloch electrons absorb energy directly from the E-field [24] . By changing ω, an experimenter can find ω c and hence determine m * through Eq. 6. In practice, such experiments are performed by placing a sample in a magnetic field and then exposing the sample to either microwave or far-infrared radiation [19] ; at the cyclotron resonance frequency ω c there will be a peak in the radiation absorption spectrum. At this point, the cyclotron effective mass m * can be linked with the inverse effective mass tensor as given by Eq. 12.29 of [6] . For electrons near a band minimum, the relationship between the two masses (in the absence of any Berry curvature) is
the derivation of which is typically given to students as a homework problem (e.g. p. 239 of [6] ). The magnetic field is assumed to be in the z-direction, and M −1 is assumed to have a matrix inverse M. Since cyclotron resonance experiments yield m * , which purportedly give the components of M −1 , such experiments can be used to determine the curvature of band energy surfaces ε(k) [19] .
There is no problem if the Berry curvature is zero. In that case, Bloch electrons obey unmodified semiclassical EOM, and their accelerations are directly proportional to the applied force. It is natural in such cases to associate M −1 with m * . But what if the acceleration of Bloch electrons is proportional to some exponent of force other than one? Then the assumption that the acceleration of Bloch electrons depends linearly on a Lorentz force is invalid. The derivation of Eq. 7, as outlined in Problem 12.2 of [6] , involves assumptions that no longer apply. In particular, M −1 (which takes the place of M −1 in Eq. 12.64 of [6] ) is no longer independent of k. We conclude that cyclotron effective mass m * , if it is meaningful to define in Ω(k)-modified systems, will not necessarily have any simple relationship to the semiclassically-defined M −1 . We derive an explicit expression for m * in the next section.
MOTION IN A UNIFORM MAGNETIC FIELD
When a Bloch electron is in the presence of an external magnetic field, the Ω(k)-modified EOM (as given by Eq. 1) prescribe k-space orbits that are qualitatively the same as the Ω(k) = 0 case. Letting F = −e cṙ × B and then eliminatingṙ from the EOM gives [25] 
We see that the presence of Ω(k) does not change the direction ofk, only its magnitude. In particular,k⊥
is still true, and therefore ε M (k) (like ε(k) in the absence of a magnetic field) is still a constant of the motion. With the z-axis aligned along B, then k z is another constant of the motion, sincek ⊥ B. So k-space orbits are confined to planes perpendicular to the B field. The fact that the Ω(k)-modified EOM are similar in form (if not degree) to the traditional EOM is encouraging. It indicates that defining a "cyclotron effective mass" is not a meaningless proposition. That is, it should still be possible to define m * because the motion of Bloch electrons should still have a well-defined period of motion.
Our analysis (which we suggest can be assigned as a homework problem in a solid state physics class) now parallels that of [6] , p. 231-232. The time it takes to go from
Using Eq. 8 we see that
with
being the component of
perpendicular to the B-field. This differs from 12.37 in [6] by the second integral, I, which we call the "correction integral". (It of course reduces to 12.37 in the event Ω(k) → 0.) The "correction integral" is given by
where
≡ Ω(k) is the component of the curvature parallel to the magnetic field. It is straightforward to show that
where A M is the area swept out from k 1 to k 2 on the ε M surface. (We will take k 1 ≈ k 2 , assuming the orbits to be only slightly perturbed from simple closed curves.) For a free electron, the period is given by 2πmc/e|B|; we should therefore define a cyclotron effective mass m * as
This result is, at first, surprising. It indicates that, in general, the cyclotron effective mass depends on the value of a magnetic field. This B-field dependence comes about in two ways: the band structure itself has been modified by the presence of a magnetic field, so that ε → ε M ; additionally, there is a correction term that depends explicitly upon B and Ω(k). Note that the first correction is present even if the Berry curvature Ω(k) is zero, and depends upon the angular momentum of the Bloch electron wave packet [26] . In principle this magnetic-field dependence should be simple to test, although the effect might be small (see below). Imagine conducting a cyclotron resonance experiment, and using Eq. 6 to find the cyclotron effective mass. One can perform the experiment with a particular B field, then reverse directions so that B → −B. Because I depends upon the quantity B · Ω(k) and therefore depends upon the direction of B (see Eq. 11), the results of the two m * measurements should be different by an amount that is twice the correction term. (This is true regardless of whether or not ε has become ε M in the presence of a magnetic field, since ∂A ∂ε M will be unaffected by a reversal of B direction.) The size of this correction, and hence the feasibility of observing this effect, will be discussed shortly.
For the special case of Ω(k) = Ω, without dependence on k, we can evaluate I:
We then find the cyclotron effective mass to be
Note that the quantity in parentheses is exactly the correction term that appears in the Ω(k)-modified density of states as found in [12] ; in that paper a similar "renormalized" cyclotron frequency was found for a simple 2D model. It should be noted that this correction necessarily modifies the Lifshitz-Kosevich formula for magnetic oscillations [20] ; there is then the real possibility that the geometric phase can affect specific de Haas-van Alphen and Schubnikov-de Haas frequencies. How big is the correction compared to unity? Several calculations of the Berry curvature Ω(k) have been done for typical materials [27] , [28] . These calculations indicate a rough value of |Ω| ∼ a 2 , with a the lattice constant. Taking, for example, B ∼ 1T, a ∼ 2.5Å, and e = 4.8 × 10 −10 esu, one finds that the correction is ∼ 10 −4 . This is large enough to be experimentally important. Our estimates are in agreement with [12] , which claim a correction of between 10 −3 to 10 −2 in a similar context. It is interesting to note that a comparison of cyclotron effective mass for B and −B gives a particularly simple way to measure Ω itself, if the areas of k-space orbits are already known.
The fact that the correction is small should not be surprising, since otherwise the effect would have been noticed long before now. But advances in the production and maintenance of high magnetic fields indicate that the Berry curvature will soon be of importance for non-inversion symmetric materials, for which Ω(k) does not vanish. Even inversion symmetric materials such as single-layer graphene [29] have exhibited non-zero Berry's phases that have measurable physical consequences.
CONCLUSION
We have shown how the Berry curvature-modified Bloch electron semiclassical equations of motion imply that acceleration is not directly proportional to external force. Because of this, the traditional concept of an inverse effective mass tensor must be modified. One physical ramification of this is the related concept of cyclotron effective mass, which must also be reexamined. We have shown that cyclotron effective mass will be magnetic-field dependent in all systems for which the Berry curvature is not zero. This presumably will affect cyclotron resonance experiments in which m * is used to find the components of M −1 , which in turn is then used to map the Fermi surface.
In a broader sense, we have shown in this paper that the Berry's phase is significant enough to solid state physics to warrant discussion even at the undergraduate level. A basic section of the canonical Ashcroft & Mermin (Ch. 12, the Semiclassical Model of Electron Dynamics) requires modification; of course any later sections that depend upon Ch. 12 would have to be reexamined as well. We hope to motivate students to consider how the Berry's phase affects all aspects of solid state physics, and indeed quantum mechanics in general. And we hope to inspire instructors of solid state physics to include the BP in their discussions and lectures.
